Abstract-A theoretical approach to calculate the bit error rate (BER) in optical systems containing silicon photonic wires (Si-PhWs) is presented. Specifically, the optical link consists of a single-mode silicon-on-insulator strip waveguide followed by a direct-detection optical receiver containing an optical filter, an ideal square-law photodetector, and an electrical filter. We assume that the optical input consists of a superposition of a nonreturn-to-zero ON-OFF keying modulated optical signal and an additive white Gaussian noise, the BER of the transmitted optical signal being calculated using the time domain Karhunen-Loève expansion method. The propagation of the optical signal in the Si-PhW is described by employing both a rigorous theoretical model that incorporates all relevant linear and nonlinear optical effects and the mutual interaction between the free carriers and the optical field, as well as a linearized model valid in the low-noise power regime. These analytical and computational tools are then used to comprehensively investigate the influence of the parameters characterizing the waveguide and optical signal on the transmission BER.
I. INTRODUCTION

P
HOTONIC networks-on-chip (NoC) are becoming an integral part of high-performance computing (HPC) platforms, high-end data centers, and high-performance chip multiprocessors [1] - [3] , a development underlined by the fact that rack-to-rack communications in some of the fastest HPC systems are nowadays performed optically [4] . It is envisioned that this trend of using optical communications at an ever-smaller scale will continue to grow, so that in future HPC platforms optics will play the main role in node-to-node and even intra-node communications [3] . In this context, silicon photonics provides an ideal technological platform for the implementation of photonic NoC, both due to its potential for ultra-dense photonic integration, facilitated by the highindex contrast achievable in the silicon-on-insulator (SOI) platform, and its compatibility with the CMOS electronics platform [5] - [7] . In fact, all basic components of photonic NoC have already been implemented in the SOI platform, including optical amplifiers [8] , [9] , modulators [10] - [12] , optical switches [13] - [15] , receivers [16] , [17] , and frequency converters [18] , [19] . Optical interconnects represent the backbone of future NoC, providing the key functionality of high-capacity point-to-point data communications. In order to become a viable alternative to copper wires [20] , on-chip optical interconnects must be able to facilitate ultrahigh bandwidth communication in a highly power-efficient manner and provide significant potential for scalability and on-chip device integration. For node-to-node or intra-node optical communications, silicon photonic wires (Si-PhWs) [21] implemented in the SOI platform present a compelling solution that satisfies all these requirements. The high-index contrast achievable in the SOI platform facilitates the control of optical power flow at the subwavelength scale whereas the large transparency window of silicon allows for ultrahigh bandwidth data communication [22] . In addition, due to their large optical nonlinearity, Si-PhWs are not only efficient chip-scale optical data streams conduits but can also be used as active devices that provide on-chip signal processing functionality, such as signal amplification, modulation, and frequency conversion.
In order to design highly efficient NoC and assess their performance, it is of critical importance to have a set of tools suitable for estimating the bit error rate (BER) of optical data streams transmitted among different nodes of the NoC. In particular, a reliable characterization of the performance of photonic NoC can be achieved via a bottom-up approach, in which one first determines at the physical layer the optical signal impairments introduced by each of the components of the NoC, this information being then used to evaluate at the system level the overall performance of the photonic network. To this end, a key step is to evaluate the BER introduced by Si-PhWs and the influence of the waveguide and optical signal parameters on the transmission BER, by using theoretical models that fully capture the physics of the device both at optical and electrical levels.
In this paper, to the best of our knowledge for the first time, we perform a theoretical analysis of the transmission BER in a system consisting of a Si-PhW linked with a directdetection optical receiver containing an optical filter, an ideal square-law photodetector, and an electrical filter (see Fig. 1 ). We assume that the bandwidth of the optical filter is larger than the bit rate of the optical signal, whereas the bandwidth of the electrical filter is close to the bit rate. At the front-end of the system the optical field is assumed to be a superposition of an ON-OFF keying (OOK) modulated nonreturn-to-zero (NRZ) optical signal, with ON and OFF power values of P 0 and zero, respectively, and a stationary additive white Gaussian noise Schematic of the investigated photonic system, consisting of a Si-PhW linked to a receiver containing an optical filter with impulse response function, h o (t), a photodetector, and an electrical filter with impulse response function, h e (t).
containing an in-phase and a quadrature component. For simplicity, we assume that these two noise components are uncorrelated, a constraint that can be easily relaxed if needed. To describe the optical field propagation in the Si-PhW we use a rigorous model [23] that incorporates linear and nonlinear optical effects, including free-carrier (FC) dispersion (FCD), FC absorption (FCA), self-phase modulation (SPM), and twophoton absorption (TPA), as well as the FCs dynamics and the interaction between the FCs and the optical field. A linearized system governing the optical noise dynamics in the presence of FCs is also derived and used to analyze the noise propagation in Si-PhWs. The system BER is calculated using the time domain Karhunen-Loève (KL) expansion method [24] , an algorithm that has also been used to analyze the performance of optical fiber communication systems [25] , [26] .
The remaining of the paper is organized as follows. In Sec. II we present the theoretical model that describes the propagation of the optical signal in the Si-PhW, whereas in Sec. III we briefly outline the general formulation of the time domain KL expansion method used to evaluate the BER. The results of our analysis are presented in Sec. IV, the main conclusions of our study being summarized in the last section.
II. THEORETICAL MODEL FOR OPTICAL SIGNAL PROPAGATION IN SILICON PHOTONIC WIRES
We study the propagation of the optical signal in a Si-PhW by using a rigorous theoretical model introduced in [23] (for more details see also [27] - [29] ), which describes the dynamics of the optical field and FCs as well as their mutual interaction. In mathematical terms, the coupled dynamics of the optical signal and FCs are governed by the following equations:
where u(z, t) is the pulse envelope, measured in √ W, z and t are the distance along the Si-PhW and time, respectively, β n = d n β/dω n is the nth order dispersion coefficient, ω 0 is the carrier frequency, κ measures the overlap between the optical mode and the (Si) active area of the waveguide, v g is the group-velocity, α i is the intrinsic loss coefficient, which was set to 0.2 dB cm −1 in all our simulations unless otherwise specified, t c is the FC relaxation time (in our analysis we assumed t c = 0.5 ns), δn fc and α fc are the FC-induced refractive index change and FC loss coefficient, respectively, and are given by δn fc = σ n N and α fc = σ α N, where N is the FC density, σ n = −2.68 × 10 −26 (λ/λ) 2 (in units of m 3 ), and σ α = 1.45 × 10 −21 (λ/λ) 2 (in units of m 2 ) [28] , the reference wavelength beingλ = 1550 nm. The nonlinear properties of the waveguide are described by the nonlinear coefficient, γ = 3ω 0 /4 0 Av 2 g , and the shock time scale, that is the characteristic response time of the optical nonlinearity, τ s = ∂ ln γ /∂ω, where A and are the cross-sectional area and the effective third-order susceptibility of the waveguide, respectively. If the bit time window, T 0 , is of the order of a few picoseconds or larger, as it is in our case, one can assume that the nonlinear response is instantaneous, namely τ s = 0. Here and in what follows ζ (ζ ) represents the real (imaginary) part of the complex number, ζ .
The terms in (1a) describe well known linear and nonlinear optical effects. Specifically, the second and third terms describe the second-and third-order dispersion, respectively, the fourth term corresponds to the intrinsic waveguide loss and FCA, the fifth term describes the FCD, whereas the last term represents nonlinear effects, namely the SPM, TPA, and frequency dispersion of the waveguide nonlinearity.
The superposition of the optical signal and noise propagating in the Si-PhW can be expressed as,
where P(z) is the power of the CW signal, a(z, t) is the complex additive Gaussian noise, and (z) is a global phase shift. In the stationary regime, ∂ N ∂t = 0, so that (1b) implies that the steady state FC density, N s , is given by:
In deriving this equation, we assumed that the power of the noise is much smaller than that of the optical signal. Note also that if one would include the bit statistics in this analysis then in (3) the parameter ξ should be replaced by ξ/2, because for a data stream that on average contains the same number of "1"-and "0"-bits the averaged square power,
In order to linearize (1) w.r.t. the noise amplitude, a(z, t), we substitute (2) into (1a) and discard all quadratic and higherorder terms in a(z, t). Then, in conjunction with (3), the zeroth-and first-order of (1a) become:
where the symbol " * " means complex conjugation. These equations show that the power can be calculated independently on the phase and noise amplitude, its decay being due to intrinsic losses, FCA, and TPA. Note also that the total phase variation of the optical field has two sources, namely the FCD and nonlinearly induced phase shifts. By adding to and subtracting (4c) from its complex conjugate, two coupled differential equations are obtained for the in-phase and quadrature noise components, a (z, t) and a (z, t), respectively. Taking the Fourier transform of both sides of the resulting equations leads to the following system of coupled ordinary differential equations:
} are the Fourier transforms of the in-phase and quadrature noise components, respectively.
The full model (1) and its linearized version (5) can be extended to other devices, too, the main difference being that the resulting mathematical description could potentially become much more intricate. For example, waveguide splitters, ring modulators coupled to a waveguide, multiwavelength signals propagating in single-or multi-mode waveguides can all be described by systems of coupled equations similar to (1) and its linearized version (5). Therefore, the approach presented in this study can be applied to a multitude of chip-level photonic devices, thus underlying the generality of our approach.
We have determined the optical field at the output of the Si-PhW both by integrating the full system (1), using a standard split-step Fourier method, and also by solving the linearized system (4a), (4b), and (5) via a 5th order Runge-Kutta method. In the latter case, we first found the spectra of the noise components, then by inverse Fourier transforming these spectra we calculated the optical noise in the time domain. Moreover, in order to gain a more complete understanding of the factors that affect the BER, we considered Si-PhWs with both normal and anomalous dispersion. Thus, since the linear and nonlinear properties of stripe Si-PhWs depend strongly on the waveguide geometry [23] , the waveguide parameters (dispersion and nonlinear coefficients) can be varied over a wide range of values by properly choosing the waveguide height, h, and its width, w. In particular, unless otherwise specified, we assumed that the Si-PhW has constant height and width, its optical waveguide parameters being thus independent on the distance along the waveguide, z. . These values correspond to a Si-PhW with width w = 800 nm (w = 675 nm) for the normal (anomalous) dispersion case, whereas in both cases the waveguide height, h = 250 nm [30] .
An example of time and wavelength domain evolution of a noisy signal in a 5 cm-long Si-PhW with anomalous dispersion is shown in Fig. 2 , the bit sequence being "01011000". For completeness, we also show in Fig. 2(c) the dynamics of the photogenerated FCs. It can be seen that the optical field is fairly weakly distorted during propagation, which means that for the optical power considered in these simulations the nonlinear effects are small. The most notable feature revealed by these plots is the signal decay, which is due to the intrinsic losses, FCA, and TPA. The generation of the FCs that produce FCA is illustrated in Fig. 2(c) , where the increase in the FC density induced by each "1"-bit can be clearly seen.
In order to determine the accuracy with which the linearized system (4) describes the propagation of the optical field in the Si-PhW, we calculated the signal and noise at the back-end of the waveguide by using both the linearized model and full system (1). The conclusions of this analysis, summarized in Fig. 3 , suggest that the linearized system describes fairly accurately the dynamics of the CW signal and noise, especially when the noise power is small. Thus, Figs. 3(b) and 3(c) show that both models predict a larger parametric amplification of the quadrature noise (a finding also supported by the power spectral densities of the two noises, not shown here) and similar values of the average phase, ϑ, of the noise, which is equal to the slope of the red lines in these plots. This is a known effect, a larger parametric gain amplification of the quadrature noise being observed in optical fiber systems, too [31] . In the case when the linearized system was used, the phase ϑ was calculated from the relation, ϑ = E{arg[a(z, t)]}, where E{·} denotes the statistical expectation operator. When the full system was used, the CW signal parameters were extracted from the relation, √ P(z)e − j (z) = E{u(z, t)}, and then the noise was found as a(z, t) = [u(z, t) − E{u(z, t)}] e j (z) . Note that in Figs. 3(b) and 3(c) we plot a(z, t)e − j (z) , calculated at z = L = 5 cm.
A good agreement between the two models can also be observed in their predictions of the dependence of the CW signal power and phase on the distance, z, as per Fig. 3(d) . Expectedly, the differences between the results inferred from the two models decrease with the signal-to-noise ratio (SNR) as the effects due to the nonlinear noise propagation and noise interaction with FCs, which are neglected in the linearized model, become less important as the SNR increases. In particular, as compared to the full system, the linearized system overestimates the power of the CW signal and underestimates its phase. In our simulations we define the SNR of the optical signal at the front-end of the Si-PhW as the ratio between the power of the CW signal, P 0 , and the average of the sum of the powers of the in-phase and quadrature noise components,
III. CALCULATION OF BER
In this section, we briefly outline the analytical method used to calculate the transmission BER at the back-end of the receiver, namely the time-domain KL series expansion method [25] , [26] . We assume that the direct-detection receiver is composed of a Lorentzian optical filter with impulse response, h o (t), followed by an ideal photodetector, and an integrate-and-dump electrical filter, whose impulse response is h e (t). The electrical noise of the receiver has not been taken into account, as in most cases it can be neglected.
We represent the complex envelope of the optical signal at the back-end of the Si-PhW as r 1 (t) = S + a i (t) + ja q (t), where a i (t) and a q (t) are the in-phase and quadrature noise components, respectively, and S is the amplitude of the CW signal. We consider that S = 0 (S 2 = P) when a "0" ("1") is transmitted, where P is the signal power at the waveguide output. Moreover, it is assumed that the carrier propagates unchanged through the optical filter, which amounts to
Hence, the signal after the optical filter can be written as, r 2 
(t) = S+v i (t)+ j v q (t), where v i,q (t) = h o (t)⊗a i,q (t).
After passing through the ideal square-law photodetector and the electrical filter, the electrical signal, y(t) = h e (t) ⊗|r 2 (t)| 2 , so that at the back-end of the receiver it is given by the following expression:
The noise components at the output of the Si-PhW are assumed to be stationary and completely determined by their power spectral density matrix [24] :
where G i a and G q a are the power spectral densities of the in-phase and quadrature noise components and G iq a = G qi a is their cross-spectral density. Note that even if at the input of the Si-PhW the in-phase and quadrature noise components are uncorrelated, the mutual interaction mediated by FCs and optical nonlinearity makes them to become correlated by the time they reach the back-end of the waveguide.
Upon passing through the optical filter, the power spectral density matrix of the noise, G v ( f ), becomes [24] :
where " † " represents Hermitian conjugation operation and
Here,
} are the Fourier transform of the real and imaginary parts of the optical filter impulse response, respectively.
To calculate the BER, the signal, S, and both components of the noise, v i (t) and v q (t), are expanded in KL series [32] , the expansion coefficients being random variables whose expectation values and correlation matrix can be calculated following an algorithm described in [25] and [26] . After one diagonalizes this correlation matrix, the moment-generating function (MGF), y (ζ ), of the random variable y defined by (7) can be written as [33] :
where δ α are the eigenvalues of the correlation matrix, whose dimension is M × M, and η α are the expectation values of y, determined in the basis in which the correlation matrix is diagonal (for a detailed description of this algorithm see [25] ). Finally, the transmission BER of the system can be evaluated from the following relation:
where the first (second) term is the probability for an error to occur when a "0" ("1") bit is transmitted and y th is the decision threshold. Using the Riemann-Fourier inversion formula of the MGF, these probabilities can be found as [34] :
where ζ 0 is a real constant that defines the integration path in the complex plane, ζ . As a final note on the BER calculation, we stress that this KL-based method produces significantly more accurate results when the parametric gain amplification of the noise cannot be neglected, as compared to the commonly used Gaussian approximation [25] .
IV. RESULTS AND DISCUSSION
In order to illustrate how our approach can be applied in practical cases to calculate the system BER, we consider a single-channel OOK system (λ 0 = 1550 nm) with NRZ pulses in a back-to-back configuration, the bit window being T 0 = 100 ps throughout our investigations. To model the direct-detection receiver, we assume that the electrical filter is a low-pass integrate-and-dump filter with the 3-dB bandwidth equal to B e = 10 Gb s −1 , whereas the optical filter is a bandpass Lorentzian with 3-dB bandwidth, B o = 4B e . Specifically, the two filters are described by the following transfer functions,
where o = B o /2. In our calculations of the system BER, we considered Si-PhWs with both normal and anomalous dispersion and in both cases we assumed that the waveguide length, L = 5 cm. For comparison, we also examined the case of a system without the Si-PhW, so that the contribution of the waveguide to the system BER can be easily assessed. The dependence of the system BER on the SNR, calculated for several values of the input power, P 0 , is presented in Fig. 4 . The results summarized in this figure demonstrate that a better system performance is achieved in the normal dispersion regime, which is primarily due to the fact that the Si-PhW with anomalous dispersion has a larger nonlinear coefficient and consequently it generates a larger parametric gain amplification of the noise. Moreover, because the parametric gain also increases with the optical power, one expects that increasing P 0 would lead to larger BER, a conclusion fully validated by the plots in Fig. 4 . This figure also shows that the Si-PhW has a significant contribution to the signal degradation, especially for large SNR.
Depending on the width of the waveguide and specific fabrication processes, the intrinsic loss coefficient, α i , can usually vary from 0.03 dB cm −1 to more than 3 dB cm −1 . We therefore considered the two Si-PhWs with positive and negative dispersion coefficient and in both cases calculated the system BER for several values of α i . In all these calculations we chose P 0 = 5 mW and L = 5 cm. The results of these simulations, plotted in Fig. 5 , demonstrate that as the waveguide loss coefficient increases the system performance improves, which is reflected in a smaller transmission BER. This conclusion is in agreement with the dependence of BER on pulse power illustrated in Fig. 4 . To be more specific, when α i increases the power of the signal upon its propagation in the Si-PhW decreases and therefore a smaller parametric gain amplification of the noise is produced. This results in a larger SNR at the output facet of the waveguide and consequently a reduced BER. Note also that, similarly to the dependence illustrated in Fig. 4 , the variation of the BER with α i , for the same value of the SNR, is smaller for the waveguide A (β 2 > 0) as compared to the case of waveguide B (β 2 < 0).
Due to the strong confinement of light in Si-PhWs with submicrometer transverse size, the waveguide parameters characterizing their linear and nonlinear optical properties are strongly dependent on the waveguide width. It is therefore of particular interest to investigate the dependence on the waveguide width of the system BER. To this end, we considered several Si-PhWs with width ranging from 500 nm to 1000 nm and constant height, h = 250 nm, and for all these waveguides we determined their waveguide parameters; the corresponding values are presented in Table I . We stress that for the range of widths considered here the waveguides are single-mode [30] . Note that as the waveguide width varies within the specified bounds, the second-order dispersion coefficient, β 2 , changes from anomalous to normal dispersion regime.
After the waveguide parameters have been determined, we have calculated the system BER corresponding to each of the waveguides considered. In all cases we set P 0 = 5 mW and L = 5 cm. As illustrated in Fig. 6 , the main conclusion that can be drawn from this analysis is that the BER decreases as the waveguide width increases. This result can be readily understood if one considers the variation of the waveguide nonlinear coefficient, γ , with the waveguide width, w (see Table I ). Thus, it can be seen that as w increases the waveguide nonlinearity decreases, and therefore the parametric gain amplification is weaker. As a result, the SNR increases, which leads to a smaller BER.
Since both the nonlinear optical effects and FC dynamics are mainly determined by the optical power, we proceeded to analyze in more in-depth the dependence of the system BER on the input power of the CW signal. The results of this study, determined for the waveguides A and B described in Sec. II, are presented in Fig. 7 as contour maps of log 10 (BER). While confirming the conclusions illustrated in Fig. 4 , it can be seen that the maps in Fig. 7 reveal additional features. Thus, at low power the BER is almost independent on P 0 , which is explained by the fact that in this situation the signal and noise propagates in the linear regime. If the power increases beyond P 0 ≈ 5 mW, however, the FCs generated via TPA as well as the nonlinear effects begin to strongly affect the signal propagation and as a result the BER varies nonlinearly with P 0 . Moreover, as expected, low signal degradation is observed at small P 0 and large SNR (the boundary of the domain where the BER has values that are tolerable in regular practical systems, namely log 10 (BER) ≤ −9, is shown as the black contour in Fig. 7) . Additional insights into the contribution of nonlinear effects to the system signal degradation are provided by the dependence of the system BER on the waveguide nonlinear coefficient, the corresponding contour maps being presented in Fig. 8 . We have investigated Si-PhWs with normal (β 2 = 1 ps 2 m −1 ) and anomalous (β 2 = −1 ps 2 m −1 ) dispersion, in both cases the ratio γ /γ = 0.3 being kept constant. A comparison between the results shown in Fig. 8(a) and Fig. 8(b) reveals several interesting features of the system BER. Thus, for Si-PhWs with normal dispersion the BER depends only slightly on γ , as in this case the parametric gain is relatively small. By contrast, the BER in the anomalous dispersion regime depends much stronger on γ , due to a much larger parametric gain amplification of the noise. In particular, for the same waveguide (γ ) and optical signal (P 0 and SNR) parameters, the system signal degradation is more pronounced in the anomalous dispersion regime. Contour maps of log 10 (BER) vs. waveguide length and SNR. Panels (a) and (b) correspond to Si-PhWs with normal and anomalous dispersion, respectively, the waveguides being the same as in Fig. 4 . The input power is P 0 = 5 mW. The black contours correspond to a BER of 10 −9 .
A key property one employs when assessing the feasibility of using Si-PhWs as on-chip optical interconnects is the relationship between the waveguide transmission BER and the waveguide length, L. In order to characterize this dependence, we have determined the system BER as a function of L, the main results of this study being summarized in Fig. 9 . We considered Si-PhWs with normal and anomalous dispersion, the calculations being performed for a CW signal with power, P 0 = 5 mW. One important result illustrated by this figure is that a BER smaller than 10 −9 can be achieved even when the waveguide length is as large as 10 cm, provided that the SNR is suitably large, namely SNR 15 dB. Moreover, as before, it can be seen that the system signal degradation is larger in the case of waveguides with anomalous dispersion.
V. CONCLUSION
In conclusion, we have introduced a novel approach to the evaluation of bit error rates in optical systems containing silicon photonic wires. In order to describe the evolution of the mutually interacting optical field and free-carriers in the silicon photonic wire we employed both a rigorous theoretical model that incorporates all the linear and nonlinear physical effects and the linearized version of this full model, valid in the low noise power limit. The signal degradation in a link containing such a waveguide and a direct-detection optical receiver made of an optical filter, an ideal square-law photodetector, and an electrical filter was evaluated by using the time domain Karhunen-Loève expansion method. This approach was used to study the dependence of the bit error rate on waveguide and optical signal parameters. In particular, we have determined the domain in the system parameters space in which the signal degradation remains below a certain threshold used in practical settings to assess the fidelity of detected signals. It should be noted that the method introduced here can be easily extended to other silicon based components of on-chip and chip-to-chip optical networks, including modulators, amplifiers, optical switches, and frequency converters. Equally important, our formalism can be applied to physical settings in which additional optical effects can become important. For example, our approach could readily incorporate nonlinear effects such as four-wave mixing and stimulated Raman scattering, which can become large enough to affect the bit error rate in properly designed waveguides or for shorter optical pulses.
